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Introduction
Let f be a lower semi-continuous proper convex function from a Hilbert space H to (-∞, +∞]. The Moreau envelope of the function f is defined as
It is well known that e f (x) is a continuous convex function, and for every x ∈ H, the infimum in (.) is achieved at a unique point prox f (x). The operator prox f from H to H, i.e.,
thus defined, is called the proximity operator of f . When f = ι K is the indicator function of a closed convex set K in H, then prox f (x) = P K (x) becomes the metric projection operator on K . In , Alber extended the metric projection operator to uniformly convex and uniformly smooth Banach spaces. Let K be a closed convex subset of a uniformly convex and uniformly smooth Banach space X, Alber 
where K is a nonempty closed convex subset of X, A : K → X * is a mapping and f : X → (-∞, +∞] is a proper convex, lower semicontinuous and positively homogeneous function, via
and the parameter sequence {α n } satisfies
and they proved that {x n } has a subsequence converging to a solution of (.) when K is a nonempty compact convex subset of a uniformly convex and uniformly smooth Banach space. Motivated and inspired by the above works, we continue to study some properties of generalized proximity operators and propose an iterative method of approximating solutions for the following generalized variational inequality problem: findx ∈ dom f such that
where f : X → (-∞, +∞] is a proper convex and lower semicontinuous function, A : X → X * is a norm-to-weak continuous operator. Our iterative method is different from that given in [] . We also prove a convergence result for this iterative method in smooth and uniformly convex Banach spaces. Let K be a nonempty closed convex set of X. 
Preliminaries
Let X be a reflexive, smooth and strictly convex Banach space with the dual space X * . We denote by x n → x and x n x the strong and the weak convergence to x of a sequence {x n } in a Banach space X, respectively. Let  (X) denote the class of all lower semi-continuous proper convex functions from X to (-∞, +∞]. Let B(x, δ) denote the closed ball of x ∈ X and radius δ > . Let S(X) = {x ∈ X : x = } be the unit sphere.
A Banach space X is said to be strictly convex if   x + y <  for all x, y ∈ S(X) and x = y. The Banach space X is said to be smooth provided
exists for each x, y ∈ S(X). We recall that uniform convexity of X means that for any given > , there exists δ >  such that for all x, y ∈ X with x ≤ , y ≤ , and x -y = , the inequality
The duality mapping J : X ⇒ X * is defined by
The following basic results concerning the duality mapping are well known [, , ]: () X is reflexive if and only if J is surjective; () X is strictly convex if and only if J is injective; () X is smooth if and only if J is single-valued; () if X is smooth, then J is norm-to-weak star continuous; () J is monotone, i.e., Jx -Jy, x -y ≥ , ∀x, y ∈ X; () if X is strictly convex and smooth, then Jx -Jy, x -y =  ⇒ x = y, ∀x, y ∈ X; () if a Banach space X is reflexive strictly convex and smooth, then the duality mapping
Consider the following envelope function:
where The operator π f is called the generalized proximity operator. It can be characterized by the inclusion
equivalently,
From (.), we easily know that π f is maximal monotone by Theorem .. in [] . Observe that when ρ = ,
Lemma . ([])
Let X be a smooth, strictly convex and reflexive Banach space, let {x n } be a sequence in X, and x ∈ X. If x n -x, Jx n -Jx → , then x n x, Jx n Jx and x n → x .
Lemma . ([]) Let r >  be a fixed real number. Then a Banach space X is uniformly convex if and only if there is a continuous, strictly increasing and convex function g : R
where B r = {x ∈ X : x ≤ r}.
Main results

Proposition . Let f ∈  (X). Then the following hold:
(ii) π f is bounded on each nonempty bounded subset of C ⊂ X * ;
is a nonempty boundedly compact convex subset, then π f is weak-to-norm continuous, that is, if x
Proof (i) Take x * , y * ∈ X * . Then (.) yields
(ii) Suppose that π f is not bounded on some nonempty bounded subset of C. Then there exists a bounded sequence {x *
, we obtain the following:
So, we have x * n → ∞. This is a contradiction.
(iv) From (.), we know that
Since x * n x * , {x * n } is bounded. It follows from (ii) that {π f (x * n )} is bounded. Since dom f is boundedly compact, there exists a subsequence {x * n i
Since J is norm-to-weak star continuous and f is lower semicontinuous, we obtain that
Then, by (.), we havex = π f (x * ). Similar to the above arguments, we know that π f (x * ) is
With the help of the operator π f , we can show that the envelope function e f V is Gâteaux differentiable.
Proposition . Let f ∈  (X). Then e f V is Gâteaux differentiable and ∇e
Proof For any h ∈ X * , by definitions of e f V and π f , we have
Since ∇( z  ) = J * (z), for any z ∈ X * , we get that
On the other hand,
This implies that
Hence e f V is Gâteaux differentiable and ∇e
In the following, we propose a modification of the iterative method given in [] and prove that the iterative sequence has a subsequence converging to a solution of (.) when X is a smooth and uniformly convex Banach space and f is not necessarily positively homogeneous.
By (.), we can easily prove the following result.
Proposition . Let f ∈  (X). Then the pointx ∈ dom f is a solution of the variational inequality
if and only ifx ∈ dom f is a solution of the following inclusion:
Then {x n } and {π f (Jx n -Ax n )} are bounded. Hence, by Lemma ., there exists a continuous, strictly increasing and convex function g : R + → R + with g() =  such that
It follows from (.), (.) and condition (ii) that
That is,
Taking the sum for n = , , , . . . , m in (.), we get
Hence, Applying the properties of g, we can deduce that x n -π f (Jx n -Ax n ) →  as n → +∞.
(  .  )
Since dom f is boundedly compact, there exists a subsequence {x n i } of {x n } such that
x n i →x ∈ dom f as i → +∞.
Since A is norm-to-weak continuous and J is norm-to-weak star continuous, we get that
Jx n i -Ax n i Jx -Ax as i → +∞.
